In this paper, coflat modules are defined and it is shown that these modules are naturally dual to flat modules. A ring R is an FC ring in case it is coherent and hoth of its regular modules R R and R R are coflat. The structure of these rings is examined with emphasis on the categorical dualities that arise. Finally, with respect to FC rings, categorial equivalence is discussed. O* Background and notation* Throughout this paper R denotes an associative ring with identity 1. We denote the Jacobson radical of R by J(R) and the right (left) socle of R by Soc (R R ) (Soc ( R R)).
The pxq matrix ring over R is denoted by M.B,t pxq (R). Every right (left) ϋJ-module is assumed to be unitary. We denote the endomorphism ring of a right (left) .ff-module, M R ( B M) by End(M R ) (End( R M)).
The category of right (left) i2-modules is denoted by CM R ( R CM) and its class of objects by ^£ R ( R^) .
A submodule N ^ M is said to be superfluous, denoted by N < M, if K + N = M implies K = M for all K ^ M. We say f:M >L is a superfluous homomorphism if N = Ker / < M. In particular, J(R) is the largest superfluous submodule of R. A superfluous epimorphism
is a projective cover of M if P is projective [2, Chapter 17] . Often we speak of P above as a projective cover of M. Not all modules have projective covers. A ring is semiperfect if every finitely generated right (left) module has a projective cover. A ring is right (left) perfect if every right (left) module has a projective cover. In particular, right (left) artinian rings are right (left) perfect. A ring is von Neumann regular in case a e aRa for each a e R or equivalently if every finitely generated right (left) ideal is a direct summand. A set of tuples {(M a , f a )} aeA , where f a :M a ->N, generates N as a set, if for each n e N there exists an f a such that n e Im/ α .
A module M R is (finitely) generated by U R in case for some (finite) index set A there is an iϋ-epimorphism φ A U >M >0 .
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If all modules in ^R are generated by U, then U is called a generator. In particular, R is a protective generator in CM R .
Dually, a set of tuples {(iV α , / α )} α6^, where / α : Λf--• AΓ α , cogenerates M as a set, if for m L Φ m 2 e M there exists an f a such that f a {m γ ) Λ
<A).
Clearly, if {N a }, M are Z-modules and the {f a } are Z-homomorphisms, then {(f a , iSΓ α )} cogenerates Jίasa set if for each O^mel, there exists an f a such that mίKer/ α .
A module Λf Λ is said to be (finitely) cogenerated by U R in case for some (finite) index set A there is an i?-monomorphism That this definition of coflat is natural is supported by the following dual characterizations of modules that are flat or coflat over their endomorphism rings. The first of these, for flat modules, was given by [18, Lemma 1.3] Proof. For (1), see [18] . We will do (2 The ^-Baer criterion provides a characterization of coflat modules dual to the characterization of flat modules as factors of protective modules by pure submodules (see [2, Lemma 19.18] Proof. (=>) Suppose M R is coflat. Let / = aji + + a n R be a finitely generated right ideal of R and let /: I -> M be an i?-homomorphism. Set a = (a ly , a n ) e R n and f(a) = (/(A), , f(a n )) 6 M n . It will suffice to prove that f{a) = ma for some meM. Then, if / = a x R + + a n R, there is an j?-homomorphism /: I-> R with f(a % ) = m t (i = 1, , w) . Therefore, by the fcξ-Baer criterion, there exists an m' e ikf such that /(<&<) = m f α, (i = 1, , n) so that m = m'α e Λfα, a contradiction.
Since the ^-Baer criterion is simply the restriction of the general Baer criterion (i.e., The Injective Test Lemma (see [2, Lemma 18.3] )) to finitely generated right ideals, Colby [4] 2. («=>) This proof parallels 1 completely and thus will be omitted. Finally, let (M a ) aeΛ be an indexed set of coflat submodules of M over A, a directed set such that M = Σ«6^Λf«. Let ί β : ilί α -> X Afα be the inclusion homomorphisms. Let F: I-^^M a be an lϋ-homomorphism with J, a finitely generated right ideal. Since the i a are monomorphisms and I is finitely generated, there exists a σ such that / factors through M σ , i.e., there exists an i^homomorphism /: I-> M σ such that ί σ f -/. Since Λf α is coflat, we are done. COROLLARY 
Every direct union and direct sum of injective modules is coflat.
In a right noetherian ring every right ideal is finitely generated. Thus the V^-Baer criterion becomes the general Baer criterion in this class of rings. In particular, every right coflat module is right injective. Conversely, if one knows every right coflat module is right injective, then by 1.9 and a theorem of Bass [2, Thm. 25.3] R is right noetherian. Summarizing we have COROLLARY 
A ring is right noetherian if and only if every right coflat module is right injective.
Semisimple rings can be characterized as rings over which every module is protective or, equivalently, as rings over which every module is injective. An analogous characterization holds for rings in which every module is flat or for rings over which every module is coflat. PROPOSITION 
For a ring R, the following are equivalent: (a) R is von Neumann regular. (b) Every left (right) R-module is flat. (c) Every left (right) R-module is coflat.
Proof. See [5] and [6] . EXAMPLE 1.12. Let V F be an infinite dimensional F-vector space and let I = {fe End (V F ) | dim Im/ < oo}. If R is the subring of End (V F ) generated by /, then it is easy to see that R is von Neumann regular, and B R/I is a simple noninjective jR-module. Thus, R R/I is coflat but not injective.
A class of modules included in the class of coflat modules and called FP (for finitely presented) injective or absolutely pure has received some attention. [9, 11, 15] . Recall that a finitely generated module M R is finitely presented in case every exact sequence
with F finitely generated and free, the kernel K is also finitely generated. DEFINITION 1.13 . A module M R is FP injective or absolutely pure [15] Proof. Let I B be a finitely generated right ideal and let M R be right FP injective. We have the sequence
is an exact sequence. It is not known whether, conversely, every right coflat module is right FP injective. However, for at least one important class of rings, it is. Recall that a ring R is right coherent in case every finitely generated right ideal is finitely presented. In particular, right noetherian rings are right coherent. THEOREM 
If R is a right coherent ring, then a right Rmodule is coflat if and only if it is FP injective.
Proof. Stenstrom [16] .
A useful characterization of FP injective modules is the following, given by Megibben [11] . PROPOSITION 1.16. (Megibben [11, Thm. 1] It is easy to check that the characterizing condition in Megibben's result is, when p -1, simply a rephrasing of the characterizing condition of coflat modules in 1.3.
Every injective submodule of a projective module is necessarily projective. We do not know whether the coflat-flat analogue holds in general. However, COROLLARY Recall that a ring iϋ is right semihereditary if every finitely generated ideal is protective. It is clear that every regular ring is right semihereditary. We conclude this section with the following characterization of regular rings: THEOREM 
A ring R is von Neumann regular if and only if R is right semihereditary and R B is GO flat.
Proof. Suppose R is right semihereditary and R B is coflat. Let I B be a finitely generated right ideal. Then I R is projective and thus coflat by 1.8. Let id: I R -> I B be the identity homomorphism. This extends to an i?-homomorphism e: R -> I. Thus J is a right direct summand.
2* FC rings-equivalence and duality* We begin by recalling that for a ring R the following four properties are equivalent:
1° B R is artinian and injective. 2° B R is noetherian and injective. 3° R R is artinian and injective. 4° R B is noetherian and injective. Moreover, we recall that a ring R is quasi-Frobenius (abbreviated, QF) in case it satisfies these equivalence conditions. In this section we focus on a class of rings, called FC rings, that generalize the class of QF rings. These rings are a slight variation of a class of rings first introduced by Colby [4] In spite of this last fact, the class of FC rings, with their built in left-right symmetry, displays many properties analogous to those of the smaller class of QF rings. Before stating some of them we recall a few things.
If R is a ring and if XζZR, then we denote the left and right annihilators of X, respectively, by Ann, (X) = {aeR\ax = OVα; e X} Ann r (X) = {α 6 R \ xa = OVx e X} . In this connection we recall that a left noetherian ring R is QF if and only if R has the double annihilator property for the classes of all left and all right ideals.
If R is a ring, then there are two contravariant functors (see [2, Chapter 20 
Then Me^f R is coflat if and only if F(M)e^€ s is coflat.
Proof. An exact sequence 0
>K >P >N >0
is a finite presentation of N in CM S if and only if
is a finite presentation of G(N) in CM R . Thus the exactness of
then F(M) is coflat. The converse follows since GF(M) is naturally isomorphic to M.

THEOREM 2.6. Let R and S be Morita equivalent rings. Then R is FC if and only if S is FC.
Proof. The ring R is right coherent if and only if every product of flat right i2-modules is flat (see [3] ). Thus, since flat is a categorical property, so is coherence. So applying 2.5 and 2.4(g) we have that FC is categorical.
Although we have seen that FC rings need not be QF, the following examples are more interesting. Then it is easy to see that R is a commutative coherent ring with Jacobson radical
J(R) = {(n, q)\n = 0}.
Moreover, it is clear that every finitely generated ideal of R is principal. Thus, R is FC but R/J(R) is not FC. EXAMPLE 2.8. (Colby [4] However, for semiperfect rings, FC need not imply QF. EXAMPLE 2.11. ([7] ). Let p be a prime number. Then let R be the ring with the underlying group
and with multiplication (n lf gθ (w 2 , q 2 ) = (n^, n,q 2 + n 2 q,) .
Osofsky has shown that R is a nonartinian, injective cogenerator with linearly ordered ideals. As in 2.7, one can show R is coherent. Thus, R is a semiperfect FC ring.
It is well known that if R is a ring and G a finite group, then the group ring R [G] is QF if and only if R is QF (see [7] ). Colby has proved in [4] the analogous result for FC rings and locally finite groups (i.e., groups in which every finite subset generates a finite subgroup). THEOREM 
(Colby [4, Theorem 3]). Let R be a ring and G a group. Then the group R[G] is an FC ring if and only if R is an FC ring and G is a locally finite group.
EXAMPLE 2.13. Let S be the group of all permutations of N = {1, 2, } that fix all but finitely many elements. Then S is locally finite, so F [S] is FC for all fields F.
It is well known that if R is left or right self injective, then
RjJ{R) is von Neumann regular [7, Theorem 19.27 ]. On the other hand an FC ring need not be regular modulo its radical. Indeed, we have already seen that for the FC ring R of Example 2.7, we have
RJJ(R) = Z .
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A somewhat more interesting example of this phenomenon is the following EXAMPLE 2.14. Let Fbea finite field and let S be the locally finite group of Example 2.13. Now S has a subgroup of order pchar F. Thus (see [10] ) the FC ring R = F [S] is not von Neumann regular. Finally, since Formanek has shown [8, Theorem 1] that the nil and Jacobson radicals are the same, J(R) = 0 (see [13] ). Thus R is a nonregular FC ring with zero radical.
We have already seen in 2.10 that a left artinian, left or right FC ring is QF. Since Hopkins theorem [2, Theorem 15.20] (c) ==> (d) By Theorem 2.4(c) every finitely generated left iZ-module is cogenerated by R. Moreover, Colby has shown that these modules are actually finitely cogenerated by R [4, Theorem 1] . So every left iϋ-module has nonempty socle and R is right perfect. Now 2.10 finishes the proof.
We know of no example of a left noetherian, right FC ring that is not QF.
Recall that the left singular ideal of R is
and the right singular ideal
In general, these are not equal and are unrelated to J(R).
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Proof. Let xeZ r (E), then
Ann r (x) = Ann r (Ex) is essential. Since 22 is cyclic, it will suffice to show if Rx + B K = iϋ with iΓ finitely generated, then K = R. So suppose ^if is finitely generated and
Thus Ann r (iΓ) = 0. By Theorem 2.4(f), this implies K = R. Hence
Next suppose xeJ(E).
We claim Ann r (i?α;) ^ iZ^. By Theorem 2.4(f), it will suffice to show Ann r (Ex) Π Ann r (K) Φ 0 for all nonzero finitely generated R K Φ R. So suppose Ann r (Ex) ΓΊ Ann r (K) = 0 for some nonzero finitely generated R K<ίR.
Then iϋx + K = R implies K -R and hence Ann r (K) -0. Symmetry finishes the result.
It is of interest to note that in on FC ring R, J(R) need not equal N(R), the nilpotent radical, though this is true in QF and regular rings (see [13] ).
In general, FC rings need not be von Neumann regular (see for Example 2.7). However, PROPOSITION In a future paper, we will examine conditions that assure that an FC ring with a polynomial identity and J(R) = 0 is von Neumann regular.
If R is an FC ring with no nonzero nilpotent elements, then R is von
Even though an FC ring R with J(R) == 0 need not be von Neumann regular (see 2.14), these rings have some regular-like properties. 
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So Ra has no nonzero nilpotent elements. We claim Ra Π Ann Γ (aR) == 0. For suppose saa = 0. Then 0 = assasa e Ra, but Ra ^ I a , so asa = 0. Likewise 0 = sαsα e ϋJα, so sa = 0. Now by Theorem 2.4(f) Ann r (jβα) + αiZ = i2 .
Thus 1 = n + ar for some r eR, ne Ann r (i?α). So a -na + αrα. But 0 = wαwα e Ra 5^ I α implies wα = 0. Thus, α = ara and J2α = i2β where e is idempotent. So Re ^ iϋ#. Therefore e = cs. Note xe = xcx implies xexe = ίccraca; = 0 which implies 0 = xe e Re. Finally, e = e 2 = cxe = 0, a contradiction. We conclude with the surprising result that every FC ring is its own classical ring of quotients, denoted by Q(R) (see [10] ). Hence, x is right invertible. Symmetry now finishes the proof.
3* Endomorphism rings of projective modules over FC rings* Let P R be a finitely generated projective ϋJ-module and let
S = End (P B ) .
Set P* = Horn* (P, R) . But since I 8 and P B are finitely generated, J(x) S P B is a finitely generated j?-module. Thus, since R is right coherent, I (R) S P B is finitely presented, and hence K® S P R is finitely generated. Since S P is flat by Theorem 1.4, with an appropriate interchange of the rings R and S, there exists anm^l such that Thus,
But P® B P£ ~ S s (see [2, Chapter 20] Proof. By Proposition 3.1, S is right coherent. But P ~ P** [2, Prop. 20.17] and S = End ( Λ P*), so S is also left coherent.
We now claim that
is coflat. So let I s be a finitely generated right ideal of S. Then, since 5 P is flat, Proof. Since P R is an injective lϋ-module, and since S P is flat, S s = Hom β ( S PR> SP) is injective (see [6, Proposition 11.35] ). We have, by symmetry that S S is injective. Now apply Theorem 3.2.
Of course, if e e R is a nonzero idempotent, then eR is a finitely generated projective, and eRe ~ End* (eR) .
In [14] Rosenberg and Zelinsky give an example of a quasiFrobenius, hence FC, ring R and a nonzero idempotent e e R such that eRe is not QF. Thus, since eRe is artinian, it is not FC.
In Miller [12] defined a flatjector to be a finitely generated projective P Λ such that is flat over S for each flat B M. Dually, DEFINITION Proof. Since, over an FC ring coflats and flats are the same, it will suffice to prove the final assertion.
Assume (a). Since R is coherent, coflatjectors are precisely the FP injectors, and hence, by (3.7), precisely the injectors. But Anderson [1, Theorem 2.1] proved that P B and B P* are injectors if and only if S P and P/ are flat.
Applying (3.2), we are done. Assume (b). Miller [12, Theorem 2.3] proved that P R and R P* are flatjectors if and only if P/ and S P are flat. By 3.2, S is an FC ring.
Note, however, that in general the equivalence of (a) and (b) does not imply that R is an FC ring. Indeed, if R is a coherent commutative ring, then (a) and (b) are equivalent.
